We prove effective equidistribution of a special family of expanding horospheres (modulo SL d (Z)) in the locally symmetric space P d /SL d (Z) of positive definite quadratic forms of determinant one on R d , modulo SL d (Z). To prove this result we use uniform error estimates for lattice point counting inside dilations of d-dimensional ellipsoids. We also derive an error term for counting SL d (Z)-orbit points in a certain increasing family of subsets in P d , and for counting the number of lifts of a closed horosphere that intersect a ball with large radius.
1. Introduction 1.1. Equidistribution of horospheres. The main theme of this paper is the effective equidistribution of expanding periodic horospheres for a particular class of geodesic rays in a particular family of higher rank locally symmetric spaces. These horospheres are closed orbits of certain solvable subgroups that are semidirect products of maximal unipotent subgroups with Q-split tori of dimension d − 2, and are contained in maximal parabolic subgroups. Our results allow to attempt a prediction of what the best bound on the error term of the equidistribution for maximal unipotents should be.
There are many equidistribution results for orbits of subgroups of semisimple Lie groups in locally symmetric spaces, in particular the equidistribution of expanding horospheres (and lower dimensional horocyclic sets) is a consequence of Ratner's Theorem. See [14] for an equidistribution result of uniform probability measures on closed orbits of subgroups of the kind that we consider in this paper (and of a more general kind).
There are few results estimating equidistribution rates, and even fewer attempting to obtain a sharp estimate of the equidistribution rate. Knowledge of such a rate is an important piece of information about the regularity and rigidity of the dynamics involved.
Foundational papers in this direction are the ones of Zagier [45] and P. Sarnak [36] , investigating equidistribution for finite area hyperbolic surfaces. More precisely, a finite area non-compact hyperbolic surface M has finitely many cusps, each cusp covered by a one-parameter family of closed horocycle curves. Each family F contains a unique closed horocycle curve F (y) of length 1 y , and F (y), endowed with the probability measure ν y that puts uniform mass on it, becomes asymptotically equidistributed with respect to the hyperbolic area measure as y → 0. P. Sarnak [36] proved the following effective equidistribution result, using properties of Eisenstein series: there exists a finite sequence of numbers 1 > s 1 > s 2 > · · · > s k > 1 2 and of elements µ 1 , . . . , µ k in the dual of Notation 1.1. The symbol denotes the normalized integral, that is,
In [43] A. Verjovsky used certain characteristic functions on the modular surface to argue that Sarnak's estimate is optimal.
In the particular case of the modular surface H 2 /SL(2, Z), D. Zagier [45] proved the equality above with remainder o(y 1/2 ). Zagier also proved that an equality as above, with remainder O(y 3 4 −ε ), for every ε > 0, is equivalent to the Riemann Hypothesis. This equivalence has later been extended to the Siegel modular orbifolds by Cacciatori and Cardella [8] , and to the Hilbert modular orbifolds and the Dedekind zeta function of the corresponding field by Estala-Arias [15] .
Sarnak's result has been generalized to arbitrary horocycle arcs by L. Flaminio and G. Forni [16] . Further effective equidistribution results have been achieved in [4] , for open complete surfaces with positive injectivity radius and for compact surfaces (the latter result has been improved in [16] ), for 3-dimensional hyperbolic manifolds of infinite volume in [27] , for infinite area surfaces in [26] , for 3-dimensional hyperbolic manifolds of finite volume, with the best known rate of convergence, in [12] , for hyperbolic manifolds of arbitrary dimension in [39] and for unipotent flows in [SL(2, Z) ⋉ Z 2 ]\[SL(2, R) ⋉ R 2 ] in [40, 3] . Effective equidistribution results for translates of maximal horocyclic measures in higher rank locally symmetric spaces have been obtained in [25, 31, 30, 10, 37] . Einsiedler, Margulis and Venkatesh proved [13] an effective equidistribution result for closed orbits of semisimple subgroups, in terms of their volumes.
In [8] , Cacciatori and Cardella extended the Sarnak-Zagier methods and obtained an effective equidistribution of horospheres for genus g Siegel upper spaces H g ≃ Sp(2g, R)/[Sp(2g, R) ∩ SO(2g, R)].
Estala-Arias [15] later found an effective equidistribution of closed expanding horospheres corresponding to cusps in Hilbert modular orbifolds, in the same sense as in Sarnak, and as in this paper.
Two main methods have been used to obtain effective equidistribution results. The method of Zagier [45] and Sarnak [36] , extended to other settings by Cacciatori & Cardella [8] and Estala-Arias [15] , has been to consider Eisenstein series associated to the measure ν y , and their analytic extensions. The second method, introduced in Margulis's thesis [32] , has been to use representation theory, more precisely the spectral gap for the locally symmetric space M, for actions of diagonal subgroups in a certain irreducible unitary representation: as horocycles are geodesic translates of a fixed horocycle, one can prove the equidistribution using the mixing properties of the geodesic flow.
The current paper uses neither of these methods, but instead uses existing estimates for the counting of lattice points in Euclidean spaces, and a dictionary between these and results on the geometry of locally symmetric spaces.
1.2.
Goal of the paper. The aim of this paper is to prove effective equidistribution of a special family of expanding horospheres (modulo SL d (Z)) in the higher rank locally symmetric space P d /SL d (Z). Here P d is the symmetric space of non-compact type composed of positive definite quadratic forms of determinant one on R d ; it can also be viewed as the homogeneous space SO(d)\SL d (R) on which SL d (R) acts from the right.
The expanding horospheres that we consider are those associated to the maximal singular geodesic ray r(t) = SO(d) · a t with (1)
Since the space P d has non-positive sectional curvature, the unit speed ray r : [0, ∞) → P d gives rise to a Busemann function f r : P d → R and the corresponding horospheres are its level sets (see Section 2.1 for precise definitions).
Let π : P d → M d be the projection onto the finite volume noncompact locally symmetric space M d = P d /SL d (Z). The images π(H r (t)) of horospheres are immersed hypersurfaces of finite volume (with isolated orbifold singularities) which can be viewed as (d−1)-torus bundles over copies of the lower dimensional locally symmetric space M d−1 = P d−1 /SL d−1 (Z). These projected horospheres form an expanding family of hypersurfaces of M d in the parameter t ∈ R + , and our main result is an effective equidistribution of these hypersurfaces.
1.3. First main result. Before formulating our first equidistribution result, we introduce some notation. Notation 1.2. We denote by · ∞ the maximum norm of functions.
Let H r (t), t ≥ 0, be the expanding horospheres associated to the maximal singular geodesic ray defined in (8) . Let f ∈ C c (M d ) be a continuous function of compact support K.
For every ε > 0 and κ > 0 there exist constants C 0 = C 0 (K, f ∞ ) and T 0 = T 0 (K, f ∞ , ε, κ) with the following property: for every T ≥ T 0 the shrinking interval [T, T + ϕ(T )] contains a t-value such that
The length function of the shrinking intervals above ϕ : [T 0 , ∞) → (0, ∞) is given by
A crucial ingredient in the proof of Theorem 1.3 is a uniform error estimate for lattice point counting in expanding ellipsoids due to Götze [18] for d ≥ 5 (improving an earlier result by Bentkus&Götze [7] for d ≥ 9) and Krätzel&Nowak [28] for d = 3. Theorem 1.3 seems to suggest, at least for d ≥ 5, a lower bound on the error term that can be obtained for the equidistribution of a closed orbit of the horocyclic flow as its inner radius goes to infinity. Indeed, if an error term better than the one in Theorem 1.3 could be obtained for every such closed horocyclic orbit, then a calculation done backwards would yield a large family of ellipsoids for which the error term in the lattice point counting in the corresponding expanding ellipsoids is better than the one of Götze. It is nevertheless generally believed that the exponent in the error term of Götze in [18] cannot be improved for generic ellipsoids, even though this is only proved for rational ellipsoids.
As a byproduct of the dictionary between counting estimates for ellipsoids and geometry of locally symmetric spaces, we derive from the counting results of Bentkus&Götze [7] , Götze [18] and Krätzel&Nowak [28] the following counting of horospheres.
be the level zero horosphere associated to the maximal singular geodesic ray from (8) . Given an arbitrary point x in the symmetric space P d , we have the following asymptotics of the number of horospheres in the orbit ΓH r that are at distance at most T from x:
In the above κ d is an explicit constant depending on d only.
See for comparison Theorem 5 in [10] , where the only effective counting of horospherical objects in higher rank that we are aware of is provided. The result in [10] holds in a more general setting, and concerns slightly different objects (what is called "horosphere" in [10] is in fact a horocycle, an orbit of unipotent subgroup).
1.4. Second main result. Our second main result is the following effective horospherical equidistribution for all t-levels:
be a continuously differentiable function of compact support K. Then there exist constants C 0 = C 0 (K) and T 0 = T 0 (K) such that for all t ≥ T 0
We note here that Theorem 1.5 cannot be obtained from existing estimates of the error term for the equidistribution of dilated closed orbits of the horocyclic flow. To our knowledge, the best such estimate is provided implicitly in [31] . Indeed, following the suggestion in [31] , which is to use [25, Theorems 2.4.3 and A.4] and the calculation of p K (SL d (R)) provided in [35, Section 7] , one can state an effective version of [31, Theorem 3.1] as follows. For more details about the derivation of the following theorem, see Appendix C. Theorem 1.6 (see [31, Theorem 3.11] ). Let d ≥ 3. There exist constants α 3 , C > 0 such that for any function
with a suitable norm · C 1 involving the supremum norms of φ and certain first derivatives of φ (see [31, p. 906] ). The constant α 3 > 0 is any number less than
with a constant ξ ≤ 1 given in (63) in Appendix C.
It is easy to see that the decay exponent √ d 16(d−1) 3/2 (d 2 +2) ξ in Theorem 1.6 is much smaller than the decay exponent 1
in our Theorem 1.5. The connection between the integration in (5) over π(H r (t)) and in (6) over [−1/2, 1/2) d−1 is clarified in Remark 6.5 below.
Remark 1.7. In fact, [31, Theorem 3.11 ] is more general than Theorem 1.6 presented in this paper. Theorem 3.11 in [31] states effective distribution of smooth functions φ defined on the space [−1/2, 1/2) d−1 × SL d (R)/SL d (Z) with focus on a specific application: to derive an effective error term for the asymptotic distribution of Frobenius numbers in the spirit of [33] .
Let us finally mention that a different but related effective equidistribution in the case d = 3 is considered in [30] : effective equidistribution of rational points on expanding horospheres. 1.5. Plan of the paper. The paper is organised as follows. In Section 2 we introduce our family of expanding horospheres in the symmetric space P d and associated Haar measures. Section 3 discusses the projection of these horospheres in the finite volume locally symmetric quotient M d = P d /SL d (Z). Following classical arguments of C. L. Siegel, we prove a useful volume result for these projected horospheres (Proposition 3.6) involving the Riemann zeta function. In Section 4 we present the relevant lattice point counting results for expanding ellipsoids from the literature. We also recall a classical connection between lattice point counting and primitive lattice point counting involving the Riemann zeta function, which is proved in Appendix A. Section 5 presents a reformulation of primitive lattice point counting problems in ellipsoids as counting problems of SL d (Z)-orbits in the symmetric space P d . Using the results from Section 4, we utilize this connection to establish Theorem 5.2. Section 6 is devoted to the proof of our main results. We use uniform primitive lattice point counting results for any compact set of ellipsoids in dimensions d = 3 and d ≥ 5 to derive an integrated version of the effective equidistribution of horospheres (see Proposition 6.2). We then use specific exponential decay results for functions on the real line from Appendix B. These result (a) imply that there are always very well equidistributed horospheres H r (t) for specific t-levels within any of the shrinking intervals [T, T + ϕ(T )], (see Theorem 1.3 above), (b) and they allow us to complete the proof of our equidistribution result for all t-levels (Theorem 1.5 above). Finally, Appendix C provides some information about the derivation of Theorem 1.6.
2. Basics about the symmetric space P d ∼ = SO(d)\SL d (R) 2.1. Preliminaries on terminology and notation. All vectors in this paper are understood as column vectors unless stated otherwise. Notation 2.1. Let e 1 , . . . , e k be the standard basis in Z k . The k × k identity matrix is denoted by Id k . We denote by diag(c 1 , . . . , c k ) the diagonal matrix having entries c 1 , c 2 , . . . , c k on the diagonal. Let X be a complete Riemannian manifold of non-positive curvature. Two geodesic rays in X are called asymptotic if they are at finite Hausdorff distance one from the other. This defines an equivalence relation ∼ on the set R of all geodesic rays in X. The boundary at infinity of X is the quotient R/ ∼. It is usually denoted by ∂ ∞ X. Given ξ ∈ ∂ ∞ X and a geodesic ray in the equivalence class ξ, one writes r(∞) = ξ.
Let r be a geodesic ray in X. The Busemann function associated to r is the function
Since the function t → dist(x, r(t))−t is non-increasing and bounded, the limit exists. The level hypersurfaces H r (a) = {x ∈ X ; f r (x) = a} are called horospheres, the sublevel sets Hb r (a) = {x ∈ X ; f r (x) ≤ a} and Hbo r (a) = {x ∈ X ; f r (x) < a} are called closed horoballs, respectively open horoballs. For a = 0 we use the simplified notation H r for the horosphere, and Hb r , Hbo r for the closed and open horoball, respectively.
Suppose moreover that X is simply connected. Given an arbitrary point x ∈ X and an arbitrary point at infinity ξ ∈ ∂ ∞ X, there exists a unique geodesic ray r with r(0) = x and r(∞) = ξ.
In particular given a < b every geodesic ray with origin x b in H r (b) and asymptotic to r intersects H r (a) in a unique point x a . The map
The Busemann functions of two asymptotic rays in X differ by a constant [2] . Therefore we shall sometimes call them Busemann functions of basepoint ξ, where ξ is the common point at infinity of the two rays. The families of horoballs and horospheres are the same for the two rays. We shall say that they are horoballs and horospheres of basepoint ξ.
Two points ξ and ζ in ∂ ∞ X are said to be opposite if there exists a complete geodesic G such that the point at infinity of G| [0,+∞) is ξ and the point at infinity of G| (−∞,0] is ζ.
2.2. Geometry of P d . We now introduce various realisations of our symmetric space. We use a similar notation to the one in [5, Section 3]. Let P d be the space of all positive definite quadratic forms on R d of determinant one. For the quadratic form Q ∈ P d , we denote its evaluation of the vector v ∈ R d by Q(v), that is,
where M Q is the symmetric matrix representing the quadratic form Q in the standard basis.
The group SL d (R) acts transitively from the right on P d : for g ∈ SL d (R) and Q ∈ X, let
The space P d can be endowed with a distance function dist P d : P d × P d → [0, ∞) that is invariant with respect to the action of SL d (R) mentioned above. The distance function is defined as follows: given Q 1 , Q 2 ∈ P d , there exists an orthonormal basis with respect to Q 1 in which Q 2 becomes diagonal with coefficients λ 1 , . . . , λ d > 0. We define (7) dist
Let Q 0 be the quadratic form corresponding to the standard Eu-
We will often switch between these two representations of our symmetric space P d , and the corresponding actions.
Next we introduce the horospheres associated to the (unit speed) geodesic ray
Note that r(t), viewed as quadratic form, has the symmetric matrix diag(e λt , . . . , e λt , e −µt ) = (a t ) ⊤ a t as its representative.
The Busemann function f r : P d → R corresponding to the geodesic ray r : [0, ∞) → P d , as defined in Section 2.1, is given by an explicit formula [5, Lemma 3.2.1]:
The horospheres of the ray r are
. These hypersurfaces of P d are volume expanding as the parameter t ∈ R increases. Therefore, we refer to the family H r (t) with t increasing from 0 to +∞ as the family of expanding horospheres associated to the ray r.
Remark 2.2. It can be derived from (9) that, for any t ∈ R,
Haar measures.
In what follows we provide another description of the symmetric space P d with metric (7) and of the horospheres determined by the ray we fixed, in terms of the Iwasawa decomposition of SL d (R). We use this decomposition also to describe Haar measures on the involved groups.
Recall first that the Iwasawa decomposition of SL d (R) is given by
We can identify our symmetric space
The identification between S d and P d described above will henceforth be denoted by
and we call S d the (canonical) Iwasawa model of the symmetric space
The geodesic flow induces maps Φ t : H r (0) → H r (t) between these horospheres. Via the identification Iw d : S d → P d , these maps can be described as follows:
Note that a t was introduced above in (8) . Note also that the maps Φ t have natural extensions as diffeomorphisms of the whole space P d .
Next, we define Haar measures on the groups N d , A d and A ′ . The identification
induces a Haar measure dn on N d as the pullback of a suitable rescaling
The precise value of the rescaling constant c d is not relevant for us, but it can be checked that we have c d = √ 2 when d = 2. It follows from the distance formula (7) that the map
is an isometry between the totally geodesic flat Iw d (A d ) in the symmetric space (P d , dist P d ) and the hyperplane
with the induced standard Euclidean metric. We induce a Haar measure da on A d as the pullback of the associated standard Lebesgue measure on Σ d under this map. Similarly, we introduce the Haar measure da ′ on A ′ as the pullback of the standard Lebesgue measure of the
Then the pullback of the Haar measure da on A d under the identification
coincides with the product measure dt da ′ .
We denote the normalized bi-invariant Haar measure on K d = SO(d) by dk. These Haar measures define a bi-invariant Haar measure dg on SL d (R) via
for any function f ∈ C c (SL d (R)). Introducing the notation
We can then write
Therefore,
Similarly, we have for f ∈ C c (P d ),
This implies, in particular,
Moreover, for any function f ∈ C c (P d ), we have
Proof. The identity (13) follows directly from (12),
Since the horospheres H r (t), t ∈ R, form a foliation of the space P d by equidistant hypersurfaces, we have by Fubini that for all f ∈ C c (P d ),
The identity (15) follows then directly from (13) .
Example 2.4. In the case d = 2, the symmetric space P 2 agrees, up to rescaling, with the hyperbolic plane H = {z ∈ C | Im(z) > 0} with distance function dist H given by
More precisely, the isometry between the two spaces is given by
where SL 2 (R) acts on H in the usual way by Möbius transformations.
Volume calculations for locally symmetric quotients
Notation 3.1. Henceforth, we denote SL d (R) and SL d (Z) by G and Γ, respectively.
The lattice Γ acts isometrically from the right on our symmetric space (P d , dist P d ) by
This translates into the right action
We have that
In dimension d = 2, this agrees with the fact that every Möbius transformation acting on the hyperbolic plane H can be written as
for some g ∈ SL 2 (R) and z ∈ H = {z ∈ C | Im(z) > 0}. In fact, it is the projectivization of PSL 2 (R) that acts faithfully by isometries on H.
This difference between the odd-and the even-dimensional case needs to be taken into account in our counting arguments presented later. For this reason, we introduce the following function: 0)). Clearly we also have that
It follows from Remark 2.2, that Γ 0 is the stabilizer of e d in Γ, that is,
Notation 3.4. Henceforth, π : P d → M d = P d /Γ denotes the canonical projection. For any quadratic form Q ∈ P d , we denote its image π(Q) = Q · Γ byQ.
Since π(Q · γ 0 ) = π(Q) for all γ 0 ∈ Γ 0 , the projected horosphere π(H r (t)) can be viewed as an immersed hypersurface in M d (with isolated orbifold singularities) via the parametrization H r (t)/Γ 0 → π(H r (t)), Q · Γ 0 →Q = π(Q). Notation 3.5. We denote by F 0 (0) a fundamental domain for the action of the stabilizer Γ 0 from the right on the horosphere H r (0).
A fundamental domain of the Γ 0 -action on H r (0) is then given by
where F d−1 ⊂ P d−1 is a fundamental domain of the SL d−1 (Z)-right action on the symmetric space P d−1 . It follows that the quotient H r (t)/Γ 0 is a fiber bundle over the locally symmetric space M d−1 with
The maps Φ t : P d → P d are defined in (10) via the identification Iw d through a left-multiplication by a −t ∈ A and Γ 0 acts on P d from the right. This means that both operations commute and, consequently, the images
form fundamental domains of the Γ 0 -right action on the horospheres H r (t) and
forms a fundamental domain of the Γ 0 -right action on P d .
3.2.
Siegel's volume formula. The final aim of this section is to derive the following useful volume formula. Its proof is based on classical arguments by C. L. Siegel in [38] . We present this proof and follow the expositions given in [17] and [41] (see also [42, Section 4.4.4] ).
Proposition 3.6. We have
where ω d is the volume of the d-dimensional Euclidean unit ball, that is
is defined in (18) , and ζ is the Riemann zeta function.
Before we start the proof, let us introduce the following notation.
Notation 3.7. The set of all primitive lattice points in Z d will henceforth be denoted by Z d , i.e.,
The set Z d can be identified with the quotient Γ/Γ 0 via the bijective map
Note that S f is left SO(d)-invariant and right Γ-invariant, so it can be viewed as a function on
Our first aim is to rewrite this integral. We have that
and, therefore,
, viewed as functions on P d /Γ 0 . Note that the appearance of the factor α(d) ∈ {1, 2} is a consequence of (17). Now we calculate the integrals P d /Γ 0 Ψ ℓ dvol P d /Γ 0 in (23) by using a fundamental domain of P d /Γ 0 , namely the set S ⊂ P d from (21), and we obtain
The function Ψ ℓ is constant on H r (t). Indeed, H r (t) can be identified with a −t A ′ N via Iw d : S d → P d and, since for a ′ n ∈ A ′ N,
Using F 0 (t) = Φ t (F 0 (0)) and (14), we obtain
. Note that f is radial and, therefore,
where S r (0) denotes the (n−1)-dimensional Euclidean sphere of radius r. Combining the two previous identities and using
We plug this now into (23) and write the integral
Now we use the Poisson summation formula, namely,
for any any Schwartz function f ∈ C ∞ (R d ), any lattice Λ ⊂ R d and its dual lattice
and we obtain
The automorphism G ∋ g → (g −1 ) ⊤ ∈ G preserves the measure dg and preserves Γ as a set and, therefore, we have
Recall that we chose f ∈ C ∞ (R d ) to be a radial Schwartz function, so f ∈ C ∞ (R d ) is, again, a radial Schwartz function and (25) descends to the integral identity
Since P d /Γ = M d , we conclude from this identity and (24) that
since we have for radial functionsf = f , by the Fourier inversion formula
Since we can easily find a radial Schwartz function f ∈ C ∞ (R d ) with f (0) = 0 and
the identity (26) simplifies in this case to
which finishes the proof of the proposition.
Example 3.8. Recall from Example 2.4 that the symmetric space P 2 is isometric to the rescaled hyperbolic plane (H 2 , √ 2dist H ). Moreover, F 0 (0) can be identified with the line segment i + [−1/2, 1/2) ⊂ H 2 and a fundamental domain representing M 2 = P 2 /SL 2 (Z) is given by
Consequently, taking the rescaling factor into account, we have vol(F 0 (0)) = √ 2 and vol(M 2 ) = 2π 3 , and, therefore, for d = 2,
which confirms the statement of Proposition 3.6.
Lattice point counting in ellipsoids
Let us first recall what is known about the counting of lattice points in Z d , d ≥ 2, contained in dilations of d-dimensional convex bodies B d ⊂ R d with smooth boundary with bounded nowhere vanishing Gaussian curvature. More precisely, we consider
and we are interested in the asymptotics of the error term E 0 (B d , R). The best result for d ≥ 3 is due to J. Guo [19] (improving earlier results by W. Müller [34] ) and it states that
The best known bound in dimension d = 2 is due to Huxley [22] and it is given by E 0 (B 2 , R) = O(R 131 208 (log R) 18627 8320 ). In this paper, we are only interested in the case when B d is a ddimensional ellipsoid E d , centered at the origin. E d can written as
is a positive definite quadratic form defined via a symmetric d × d matrix M Q . We call the ellipsoid E d rational if there exists a factor λ > 0 such that all the entries of λM Q are integers, otherwise we call it irrational.
Bentkus and Götze [6, 7] proved that for all dimensions d ≥ 9
This result is optimal for rational ellipsoids since we have 1 E 0 (E d , R) = Ω(R d−2 ) for all rational ellipsoids of dimension d ≥ 3 (see [23, page 17] ). In [18] , Götze extended this result for all dimensions d ≥ 5. Denoting the maximal and minimal eigenvalue of M Q by Λ ≥ λ > 0, he showed the estimate
for all R ≥ 2 √ λ, with universal constants C(d) > 0 only depending on the dimension d ≥ 5. This very explicit estimate will be particularly useful in the next section.
Let us now consider the dimension 3. The best error term for the 3-dimensional ball D 3 , due to Heath-Brown [20] , is
for all ε > 0. It was shown in [9] that the same error estimate holds for all rational 3-dimensional ellipsoids. On the other hand, we have for 3-dimensional rational ellipsoids E 0 (E 3 , R) = Ω ± (R(log R) 1/2 ) (see [29] ). An error estimate with explicit error term constants (in the same spirit as (28) ) was given in [28] . Since this result will also be useful in Section 6, we would like to explain it in more detail. Recall that an ellipsoid E 3 ⊂ R 3 , centered at the origin, determines a quadratic form Q(x) = x ⊤ M Q x. The ellipsoids considered in [28] are normalized by det M Q = 1. This means, geometrically, that these ellipsoids have the same volume as the unit ball D 3 ⊂ R 3 . Let g(x) = (x ⊤ M −1 Q x) 1/2 . The error term asymptotics for the ellipsoid E 3 is given in terms of the following values obtained via the function g:
It is not difficult to see that there are the following inequalities between the constants G 0 , G 1 > 0 and the largest and smallest eigenvalue Λ ≥ λ > 0 of M Q :
Since det M Q = 1 implies λ 2 ≤ 1/Λ, we see that the pairs (G 0 , G 1 ) and (λ, Λ) are linked via universal inequalities independent of the concrete shape of the underlying ellipsoids E 3 . It was shown in [28] that there are continuous functions F j , depending only on the parameters (G 0 , G 1 ) such that for all ellipsoids
and these parameters,
for all R ≥ G 2 0 . This inequality implies another inequality in terms of the pair (λ, Λ) of eigenvalues of the symmetric 3 × 3 matrix M Q with det M Q = 1, and we can therefore find a function F , only depending on (λ, Λ) such that we have, for all ellipsoids E 3 with eigenvalue parameters within a compact interval [λ, Λ] ⊂ (0, ∞) and all R ≥ F (λ, Λ):
To our knowledge, in dimension d = 4 there is no uniform error term estimate with explicit constants depending only on specific geometric data like the extremal eigenvalues of M Q . It seems likely though that the methods in [19] yield the following uniform version of [19, Theorem 1.1]: given K 1 ≥ K 2 > 0 and an integer d ≥ 3 there exist R 0 and C 0 such that for all the volume one ellipsoids E d in R d with the property that their boundary has Gaussian curvature in the interval [K 2 , K 1 ], For our purposes, we need corresponding results for the error terms of the counting of primitive lattice points Z d . We define
for an arbitrary body B d ⊂ R d . The following fact is well-known. 
leads to a corresponding result
where C 1−j depends only on α, β, d, vol(B d ) and C j . Similarly, we have for any 1 < α ≤ d,
The proof of this result is given in Appendix A.
Γ-orbit counting in the symmetric space P d
Our first aim is to translate the counting of primitive lattice points Z d in dilations of d-dimensional ellipsoids into the counting of Γ-orbits in particular increasing subsets of the symmetric space P d . As before, every quadratic form Q ∈ P d gives rise to an ellipsoid (B 1 (0) ). Using the identification
with f r : P d → R the Busemann function given in (9) and
Before we proceed, we introduce some useful notation. In what follows we need the value of the volume of a truncated chimney.
vol(S
We continue the calculation preceding Notation 5.1, and obtain
Note that the appearance of α(d) is a consequence of (17) . Using this connection between counting problems, and the results discussed in Section 4, we obtain Theorem 5.2. Given a point Q ∈ P d , we have the following asymptotics of the number of orbit points Q·Γ ⊂ P d contained in the truncated chimney S T defined in (35):
In the above κ d = 2 √ (d−1)d vol(F 0 (0)).
Proof. Since vol(E Q ) = ω d for all Q ∈ P d , we know from Section 4 that 
We also know from (36) that (38)
On the other hand, using (14) and Proposition 3.6, we obtain
The theorem follows now by combining (37), (38) and (39) .
Under the identification (16) of (P 2 , dist P 2 ) with the rescaled hyperbolic plane (H 2 , √ 2dist H ), the truncated chimney S T ⊂ P 2 corresponds to the semi-infinite strip
Since area(S y ) = 2 y and area(M 2 ) = 2π 3 , Theorem 5.2 states that, for every z ∈ H, we have as y → 0.
Theorem 5.4. Given a point Q ∈ P d , we have the following asymptotics of the number of horospheres in the orbit ΓH r that are at distance at most T from Q:
In the above κ d = Since every Q ∈ F d represents a specific ellipsoid E Q , we can consider the functionf as a map associating a weight to each of these ellipsoids. Note also that, for each R > 0, the map
is well defined and, using (36), we obtain
. We now apply Lemma 2.3 and obtain
This identity, together with the explicit lattice point estimates (28) and (30) , are crucial ingredients in the proof of Proposition 6.2 below.
dvol Hr(t) .
Proposition 6.2. Let d = 3 or d ≥ 5. Let f ∈ C c (M d ) be a continuous function of compact support K andf = f • π ∈ C(P d ). We have
for all T ≥T (K). Here C(K) andT (K) are constants depending only on the compact set K ⊂ M d , and η(d) was defined in (3).
Proof. Since K = supp(f ) ⊂ M d is compact, we conclude from (28), (30) and Proposition 4.1 in Section 4 that there are constants, which we denote by C 0 (K) > 0 and R 0 (K) ≥ 2, such that for allQ ∈ K,
We integrate over M d and obtain from (43) that
Now, Proposition 3.6 implies that
Plugging (40) and (45) into (44) and dividing by α(d) vol(F 0 (0)) yields
for all
The proposition follows now by choosing 
where Ff was defined in (41) and η(d) was defined in (3) . Moreover, the function ϕ : [T 0 , ∞) → (0, ∞) is given by
where C(K) was given in Proposition 6.2.
Proof of Theorem 6.3. The idea of the proof is to use Proposition 6.2 and to apply Proposition B.1 from Appendix B. Let f ∈ C c (M d ), K = supp(f ) compact, and
Then g ∈ C(R) satisfies
with C(K),T (K) from Proposition 6.2 and
Let ε, κ > 0 be given. Now, we apply Lemma B.1 withC = C(K) f ∞ andT =T (K) and conclude that, for every T ∈ [T 0 , ∞) there exists t ∈ [T, T + ϕ(T )] such that
with ϕ given in (57) and T 0 given in (56), namely
Finally, we recall Theorem 1.5 and present its proof:
Then there exist constants C = C(K) and T 0 = T 0 (K) such that for all t ≥ T 0
where Ff was defined in (41) and η(d) was defined in (3).
Proof of Theorem 6.4. Let f ∈ C 1 c (M d ), K = supp(f ) compact, and
Note that g is Lipschitz continuous with Lipschitz constant L = gradf ∞ , since
Moreover, as in the proof of Theorem 6.3, g satisfies (47) with the constants α, β chosen as in (48). Now we apply Corollary B.2 from Appendix B and obtain η(d) ) .
This finishes the proof of the theorem. Remark 6.5. As mentioned before, we can identify π(H r (t)) with the quotient H r (t)/Γ 0 which, in turn, is a fibre bundle over the space M d−1 with fibres diffeomorphic to T d−1 = R d−1 /Z d−1 . Let F d−1 ⊂ P d−1 be a fundamental domain of the SL d−1 (Z)-right action on P d−1 . Using (19) and the inclusion map
we have for any function f ∈ C(M d ) and its Γ-
π(Hr(t)) f dvol π(Hr(t)) =
The inner integral can be viewed as an integration over the fibre and, introducing the functioñ
we see thatF (t, ·) is SL d−1 (Z)-right invariant and descends, therefore, to a function F (t, ·) on the quotient M d−1 . We end up with the identity π(Hr(t)) f dvol π(Hr(t)) =
Example 6.6. In the case d = 2, Zagier [45] and Sarnak [36] derived a much stronger result than Theorem 6.4 under the assumption that the Riemann Hypothesis holds: For any smooth function f in the unit tangent bundle SM 2 of M 2 and its SL 2 (Z)-periodic liftf in the unit tangent bundle of (H, dist H ) and for all ε > 0,
Here dvol SM 2 is the Liouville measure on SM 2 and X ∞ is the vector field of unit tangent vectors in the direction towards +∞ ∈ ∂H. We will discuss further connections between primitive lattice points in ellipses, SL 2 (Z)-orbits, and equidistribution of horocycles in H in more detail in the forthcoming paper [11] .
Appendix A. Primitive lattice point counting and the Riemann zeta function
In this appendix we provide a proof of the relation between the lattice point counting asymptotics and primitive lattice point counting asymptotics stated in Proposition 4.1.
Proof of Proposition 4.1. For x ≥ 0, let
Then it is easy to see that
where α : N → R is the characteristic function of all square numbers.
It is easy to see that the Dirichlet inverse 2 of α is ν :
where µ : N → {−1, 0, 1} is the Möbius function. Applying Möbius' generalized inversion formula (see [1, p. 40] , we conclude that
The identities (50) and (51) allow us to relate the error terms. We have
i.e.,
An analogous calculation leads to
Now we estimate the two terms at the right hand side of (52) and (53) separately. Assuming (32) , we obtain for the first term for R ≥ R j and any ε : N → [−1, 1]:
For the second term, we observe for any ε : N → [−1, 1] and R > 0 that 3
Using R 0 ≥ 2, both estimates impy that (33) holds with
For the proof of (34), we assume that
Without loss of generality, we can assume that θ is positive and monotone decreasing.
We split the sum into two parts and estimate them separately, i.e.,
For the first term, using the monotonicity of θ, we obtain
For the second term, we use the boundedness of θ and obtain √ R<k≤R
This shows that For every ε > 0 and every κ > 0, there exists a constant T 0 ≥T and a continuous monotone decreasing function ϕ ∈ C([T 0 , ∞)) with lim t→∞ ϕ(t) = 0, such that g ∈ C(R) has the following property:
For
More precisely, T 0 and ϕ are given by
Proof. Let ε > 0 and κ > 0 be chosen. Assume that [T,
In particular, g does not change sign on [T, T 1 ], and we have
Using (54), this implies that
We define ∆ T = T 1 − T > 0. Using this notation, we obtain
and, therefore, (59) implies that e (β+ε)∆ T ≤ 1 + 2e −εT κ ′ − e εT . Using (60) we conclude that
Substituting κ ′ from (58) back, we obtain
This shows that, for every δ > 0, there exists t δ ∈ [T, T + ϕ(T ) + δ] with |g(t δ )| ≤ C ′ e −(α−β)t+εt δ . The statement of the lemma follows now from the continuity of g. Moreover, the explicit value for T 0 ≥T follows from (60). Proposition B.1 has the following consequence. This consequence is useful for the proof of Theorem 1.5 of the Introduction. Appendix C. Effective horocyclic equidistribution in [31] We provide a brief discussion of the suggestion in [31] to obtain an effective horocyclic equidistribution result with an error term as explicit as possible using [25] and [35] . In this appendix, we will always assume d ≥ 3.
C.1. Decay of matrix coefficients. Let (ρ, H) be a unitary representation of SL d (R) without invariant vectors. Theorem 2.4.3 in [25] states that there exists a universal constant C > 0 and a positive integer l such that for any pair of C ∞ vectors v 1 , v 2 ∈ H and every Y in the positive Weyl chamber,
for all p > p K (SL d (R)), where ϑ is half the sum of the positive roots and Υ = 1 − Y 2 j with an orthonormal basis {Y j } of the Lie algebra k. This estimate follows from [24, Theorem 3.1], using estimates for matrix coefficients of K-finite vectors in [21, Corollary 7.2 and §7]. The integer l needs to be chosen to satisfy
where the constants c(µ) > 0 are defined through Υ| Hµ = c(µ)Id Hµ with respect to the decomposition H = µ∈ SO d H µ (see [24, p. 140] ). The existence of such an integer l is guaranteed by [44, Lemma 4.4.2.3] . The matrix coefficients estimate (62) leads to another matrix coefficients estimate for Hölder vectors with a related exponent (see [25, Theorem A.4] ), namely e − ϑ(Y )ξ 2p t with an additional factor ξ given by
for Hölder vectors v i ∈ H, i = 1, 2, with constants (C i , α i ) given by
These arguments form the basis for Theorem C.2 below.
Notation C.1. Using the same notation as in [31] , we introduce
Choosing Y = diag(− 1 d−1 , . . . , − 1 d−1 , 1), we have exp(tY ) = D(e t ) and ϑ(Y ) = 1 + 1 d−1 = d d−1 . Moreover, the constant p K (SL d (R)) is explicitely given by [ The estimate holds for any choice of α 1 > 0 less than ϑ(Y )ξ 2p K (SL d (R)) = d 4(d − 1) 2 ξ with ξ ≤ 1 given in (63). C.2. Effective horocyclic equidistribution. Theorem C.2 is the crucial ingredient to prove the following result Theorem C.3 (see [31, Theorem 3.11] ). Let d ≥ 3. There exist constants α 2 , C > 0 such that for any function φ ∈ C ∞ (M d ) with φ = φ • π ∈ C ∞ (P d ) and T > 1,
with a suitable norm · C 1 involving the supremum norms of φ and certain first derivatives of φ (see [31, p. 906] ). The constant α 2 is related to the constant α 1 from Theorem C.2 via
.
The relation between α 1 and α 2 in the theorem is a consequence of the aim to match the exponents r 1/2 and r 
